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Abstract
We provide a characterization of the Clifford Torus in S3 via moving frames and
contact structure equations. More precisely, we prove that minimal surfaces in
S3 with constant contact angle must be the Clifford Torus. Some applications of
this result are then given, and some examples are discussed.
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1 Introduction
The study of minimal surfaces played a formative role in the development of mathe-
matics over the last two centuries. Today, minimal surfaces appear in various guises
in diverse areas of mathematics, physics, chemistry and computer graphics, but have
∗ristow@mat.ufpb.br and javerd@ime.usp.br
also been used in differential geometry to study basic properties of immersed surfaces
in contact manifolds. We mention for example the two papers, [2] and [6], where the
authors classify Legendrian minimal surfaces in S5 with constant Gaussian curvature.
Besides, interesting characterizations of the Clifford torus in spheres are given in [3],
[8], and [9].
The scope of this note is to use a geometric invariant in order to study immersed surfaces
in three dimensional sphere. This invariant (the contact angle (β)) is the complemen-
tary angle between the contact distribution and the tangent space of the surface.
We show that the Gaussian curvature K of a minimal surface in S3 with contact angle
β is given by:
K = 1− |∇β + e1|2
Moreover, the contact angle satisfies the following Laplacian equation
∆(β) = − tan(β)|∇β + 2e1|2
where e1 is the characteristic field defined in section 2 and introduced by Bennequin,
in [1] pages 190 - 206.
Using the equations of Gauss and Codazzi, we have proved the following two theorems:
Theorem 1. The Clifford Torus is the only minimal surface in S3 with constant contact
angle.
Theorem 2. The Clifford Torus is the only compact minimal surface in S3 with contact
angle 0 ≤ β < pi
2
( or −pi
2
< β ≤ 0)
More in general, we have the following congruence result:
Theorem 3. Consider S a Riemannian surface, e a vector field on S, and β : S →]0, pi
2
[
a function over S that verifies the following equation:
∆β = − tan β(|∇β|2 + 4(e(β) + 1)) (1)
then there exist one and only one minimal immersion of S into S3 such that e is the
characteristic vector fied, and β is the contact angle of this immersion.
Finally, in section 5, we give two examples of minimal surfaces in S3. The first
one, we determine that the contact angle (β) of the Clifford Torus is (β = 0) and
the second one we determine that the contact angle of the totally geodesic sphere is (
β = arccos(x2)), and therefore, non constant.
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2 Contact Angle for Immersed Surfaces in S3
Consider in C2 the following objects:
• the Hermitian product: (z, w) = z1w¯1 + z2w¯2;
• the inner product: 〈z, w〉 = Re(z, w);
• the unit sphere: S3 = {z ∈ C2|(z, z) = 1};
• the Reeb vector field in S3, given by: ξ(z) = iz;
• the contact distribution in S3, which is orthogonal to ξ:
δz =
{
v ∈ TzS3|〈ξ, v〉 = 0
}
.
Note that δ is invariant by the complex structure of C2.
Let now S be an immersed orientable surface in S3.
Definition 1. The contact angle β is the complementary angle between the contact
distribution δ and the tangent space TS of the surface.
Let (e1, e2) be a local frame of TS, where e1 ∈ TS ∩ δ. Then cos β = 〈ξ, e2〉.
Let (f1 = z
⊥, f2 = iz
⊥ and f3 = iz) be an orthonormal frame of S
3, where z⊥ =
(−z¯2, z¯1).
The covariant derivative is given by:
Df1 = w
2
1 f2 + w
2 f3
Df2 = w
1
2 f1 − w1 f3
Df3 = −w2 f1 + w1 f2
(2)
where (w1, w2, w3) is the coframe associated to (f1, f2, f3).
Let e1 be an unitary vector field in TS ∩ δ, where δ is the contact distribution.
Thus follows that:
e1 = f1
e2 = sin(β) f2 + cos(β) f3
e3 = − cos(β) f2 + sin(β) f3
(3)
where β is the angle between f3 and e2, (e1, e2) are tangent to S and e3 is normal to S
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3 Equations for the Gaussian Curvature and for the
Laplacian of a Minimal Surface in S3
In this section, we will give formulas for the Laplacian and for the Gaussian curvature
of a minimal surface immersed in S3.
The reader can see [7], and [4] for further details.
Let (θ1, θ2, θ3) be the coframe associated to (e1, e2, e3).
Thus, from equations (3), it follows that:
θ1 = w1
θ2 = sin(β)w2 + cos(β)w3
θ3 = − cos(β)w2 + sin(β)w3
(4)
We know that θ3 = 0 on S, then we obtain the following equation:
sin(β)w3 = cos(β)w2 (5)
we have also
w2 = sin βθ2
w3 = cos βθ2
It follows from (4) that:
dθ1 + sin(β)(w12 − cos(β)θ2) ∧ θ2 = 0
dθ2 + sin(β)(w21 + cos(β)θ
2) ∧ θ1 = 0
dθ3 = dβ ∧ θ2 − cos(β)w12 ∧ w1 + (1 + sin2(β))θ1 ∧ θ2
Therefore the connection form of S is given by
θ12 = sin(β)(w
1
2 − cos(β)θ2) (6)
Differentiating e3 at the basis (e1, e2), we have fundamental second forms coeficients
De3 = θ
1
3e1 + θ
2
3e2
where
θ13 = − cos(β)w12 − sin2(β)θ2
θ23 = dβ + θ
1
It follows from dθ3 = 0, that
w12(e2) = −
β1
cos β
− (1 + sin
2 β)
cos β
(7)
4
onde dβ(e1) = β1.
The condition of minimality is equivalent to the following equation
θ31 ∧ θ2 − θ32 ∧ θ1 = 0
we have
w12(e1) =
β2
cos(β)
(8)
where dβ(e2) = β2.
It follows from (6), (7) and (8),
θ12 = tan(β)(β2θ
1 − (β1 + 2)θ2)
θ13 = −β2θ1 + (β1 + 1)θ2
θ23 = (β1 + 1)θ
1 + β2θ
2
If J is the complex structure of S we have Je1 = e2 e Je2 = −e1.
Using J , the forms above reduce to:
θ12 = tan β(dβ ◦ J − 2θ2)
θ13 = −dβ ◦ J + θ2 (9)
θ23 = dβ + θ
1
Gauss equation is
dθ21 = θ
2 ∧ θ1 + θ31 ∧ θ32
which implies
dθ12 = (|∇β|2 + 2β1) (θ2 ∧ θ1) (10)
and therefore
K = 1− |∇β + e1|2
Differentiating θ12, we have
dθ12 = sec
2(β)(|∇β|2 + 2β1)(θ2 ∧ θ1)
+(tan(β)∆(β) + 2 tan2(β)(β1 + 2))(θ
2 ∧ θ1) (11)
Using (10) and (11), we obtain the following formula for the Laplacian of S
∆(β) = − tan(β)((β1 + 2)2 + β22) (12)
Or
∆(β) = − tan(β)|∇β + 2e1|2
Codazzi equations are
dθ31 + θ
3
2∧θ21 = 0
dθ32 + θ
3
1∧θ12 = 0
A straightforward computation in the first equation gives (12) and the second equation
is always verified.
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4 Main Results
4.1 Proof of the Theorem 1
Suppose that β is constant, it follows from (10) that dθ21 = 0 and, therefore, K = 0,ie.,
Gaussian curvature is identically null, hence S ⊂ S3 is the Clifford Torus, which prove
the Theorem 1.
4.2 Proof of the Theorem 2
For 0 ≤ β < pi
2
, we have tanβ ≥ 0, hence ∆(β) ≤ 0 and using that S is a compact
surface, we conclude by Hopf’s Lemma that β is constant, and therefore, K = 0 and S
is the Clifford Torus, which prove the Theorem 2.
4.3 Proof of the Theorem 3
Let S be an orientable surface in S3, and let e be an unit vector field on S.
We choose an orthonormal positive basis (e1, e2) with e1 = e, and let (θ
1, θ2) be a
coframe on S.
For each function β : S →]0, pi
2
[ that satisfies the following Laplacian equation:
∆(β) = − tan(β)|∇β + 2e1|2
We define the following fundamental second form:
θ31 = (dβ + θ
1) ◦ J
θ32 = − (dβ + θ1)
(13)
Now, the proof follows from Gauss-Codazzi equations.
5 Examples
Examples of minimal surfaces in S3 was discovered by Lawson, in [5].
Here we will use the notion of the contact angle to give a characterization of these
known examples.
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5.1 Contact Angle of Clifford Torus in S3
Let us consider the following torus in S3:
T 2 = {(z1, z2) ∈ C2/z1z¯1 = 1
2
, z2z¯2 =
1
2
}
Let f be the following immersion:
f(u1, u2) =
√
2
2
(eiu1, eiu2)
Tangent space T (T 2) is given by ∂
∂u1
and ∂
∂u2
, thus we have:
a
∂
∂u1
+ b
∂
∂u2
= λz⊥
using the condition above and the fact that |λ| = 1, we obtain:
λ = iei(u1+u2)
Unit vector fields are: 

e1 = ie
i(u1+u2)z⊥
e2 = iz
e3 = iz
⊥
The contact angle is the angle between e2 and f3 ,
cos(β) = 〈e2, f3〉
= 1
Therefore, the contact angle is:
β = 0
Fundamental second form is given by the following:
A =
[
0 −1
−1 0
]
5.2 Minimal surface in S3 with non constant contact angle
Let us consider the following surface in S3:
{
z2 − z2 = 0
(x1)
2 + (y1)
2 + (x2)
2 + (y2)
2 = 1
7
We see that the vector fields are:


e1 =
1√
1−x2
2
(−x1x2,−y1x2, 1− x22, 0)
e2 =
1√
x2
1
+y2
1
(y1,−x1, 0, 0)
e3 = (0, 0, 0, 1)
The contact angle is the angle between e2 and f3, that is,
cos(β) = 〈e2, f3〉
= x2
Therefore, the contact angle is non constant:
β = arc cos (x2)
Remark 1. For higher dimensions, when we have a compact minimal surface im-
mersed in S5, we proved, in [6], that the case β = pi
2
gives an alternative proof of the
classification of a Theorem from Blair in [2], for Legendrian minimal surfaces in S5
with constant Gaussian curvature
References
[1] B. Aebischer: Sympletic Geometry, Progress in Mathematics, Vol. 124 Springer-
Verlag, Berlin-New York, 1992.
[2] D. Blair: Contact Manifolds in Riemannian Geometry, Lecture Notes in Mathe-
matics, Vol. 509, Berlin-Heidelberg-New York, Springer 1976.
[3] Q. Cheng, S. Ishikawa: A Characterization of the Clifford Torus , Proc Amer.
Math. Soc., Vol. 127 n. 3 (1999), 819-828.
[4] H.W. Guggenheimer: Differential Geometry, Dover Pub., New York,1963.
[5] H. B. Lawson Jr.: Complete Minimal Surfaces in S3, Annals of Mathematics, Vol.
92, n. 3 (1970), 335-374.
[6] R.R. Montes, J.A. Verderesi: Contact Angle for Immersed Surfaces in S2n+1,
Differential Geometry and its Applications, Vol. 25, (2007), 92-100.
[7] B. O’Neil: Elementary Differential Geometry, Academic Press, New York, 1966
[8] O. Perdomo: First stability eigenvalue characterization of Clifford hypersurface,
Proc. Amer. Math. Soc., Vol. 130 (2002), 3379-3384.
8
[9] T. Vlachos: A Characterization of the Clifford Torus, Archiv der Mathematik, Vol.
85 n. 2 (2005), 175-182.
[10] S. Yamaguchi; M. Kon; Y. Miyahara: A theorem on C-totally real minimal sur-
face, Proc. American Math. Soc. 54 (1976), 276-280.
9
